PHYSICAL REVIEW E 68, 046117 (2003
Martingale integrals over Poissonian processes and the Ito-type equations with white shot noise
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The construction of the Ito-type stochastic integrals and differential equations for compound Poisson pro-
cesses is provided. The general martingale and nonanticipating properties of the oi@easgianlto theory
are conserved. These properties appear particularly important if the stochastic description has to be proposed
according to game theory or the linear relaxationthe exponential growjtrequirements. In contrast to the
ordinary Ito theory the€uncorrelate@l parametric fluctuation of a definite sign can be still modeled by asym-
metric white shot noise, so the general scope of applications is not restricted by the positivity requirements.
The possible use of the developed formalism in econophysics is addressed.
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[. INTRODUCTION volatility). The Ito interpretation warrants that the determin-
istic trend is not affected by the presence of fluctuations

. The Ifco theory.of stochastic integralSl) and stqchastic (risk). The discountedprice S;, x,=S,=€"'S,, satisfies the
differential equationgSDE) [1,2] results with martingale (particulay driftless Ito equationdd=oSdoW,. Such pro-

properties Of_ the integrals over the Wiener process gnd I'esses have the property that ftieture) conditional mean
lated nonanticipating properties of stochasti¢Langevin value,(xt|xtn, o ,Xt1>=th, t=t,=...>t,, is equal to the

equations with (multiplicative) Gaussian white noise o .
(GWN), which appear useful in a number of applications anoJast value specified by the condition. Such processes are gen-
! erally calledmartingalesand they are used for game theory

model studies. In Ref[3] the importance of simultaneous o define thdai th The Ito th .
regarding of single-event propertigdetermined by a given 0 define thaairnessor the game. The [to theory provides an
effective method of construction of a certain class of martin-

(required probability distributionj together with certain cor- gales

relation behavior in stochastic modeling of various dynami- T f the Ito th is limited to G ian fluct
cal systems has been pointed out. The main idea of the cort1- Ie use ofthe 1o beory .'S”'m' N i 0 Iz?us?lan uctua-
struction proposed in Ref3] is to choose the drift and ion. In some cases diespecially nonlinearkinetic equa-

diffusion term in the Ito SDE in a way to fit both the target Eoni’ sucr;)_:J_nboung_e_narametgicflrl]Jctuati_o_n_s are e>§c|uded
stationary probability density and the required autocorrela: y the stability conditions or by the positivity requirements
. : - : [8] and then the other nois@got the GWN is needed to
tion function (or, equivalently, the spectral densitform. . .

The method has then been used to generate stationary nailescribe the fluctuation. On the other hand, the well-known

Gaussian(Markov) processes with exponentially decaying property of the Ito theory is that the ordinary rules of differ-

correlation(or low-pass spectral densjtj4,5], considered as entiation and Integration are no longer vaﬂlljZ],_bemg re-
particularly important in the Monte Carlo studies. Such be-P!aced by the specific Ito calculus. The mentioned general

havior of correlation appears fixed by the linear drift term Ofproperties of the lto theory appear precisely related to this
the Ito SDE, irrespectively on the form of théstate- specific calculus and thus cannot be immediately imple-
dependentdiffusion term. The last actually follows from the mented to the non-Gaussian theory. The proper construction

general(nonanticipating property of the Ito SDE: of the Ito-type theory based on Poissonian processes is the
main aim of the paper.

dx,=f(x)dt+g(x)deW,, (1) Let us remind that the integral over the Wiener process
the o sign is to indicate that the equation is understoiod Ji= th(Ws)dWs
terpreted according to the Ito definition thafg(x)doW,) 0

=0, so that the regression equation for average
is not precisely determined in a conventiof&tieltjes-type
d{x;)=(f(x))dt sense, unless the additional rule of choosing the intermediate
points during construction of approximate sums is specified
looks similar to the “deterministic” onedx=f(x)dt, and [2]. The Ito choice
becomes the same for an affinic i.e., when (f(x))
=f((x)). .
Ito equation(1) of a latter type, withf (x) =rx andg(x) ‘]‘_I'mE H(Wsi)[WSi
=oX, appears as a basic equation (8fachelier) Black-
Scholes theory of financial markdi8,7], and it is obtained results, due to the statistical independence of increments of
under the assumptions that the average return is determinglde Wiener process, in martingale property of the integral
by theinterest rate rand that the relative changes of prices (J;)=0. As a consequence, the ordinary rules do not apply
are independent and Gaussiéhe parameteto is called for the Ito integrals. In fact, havingl;)=0, where

- Wsi]

+1
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z; are independent random numbers with common probabil-
ity distribution 77(z). Both processes have stationary and in-
dependent increments. Using standard normalizajar-

we cannot still identifyl, with AG=G(W,)—G(0), I, ticularly (W)=2Dt, in the case of the Wiener procgsse
#AG, because in generdAG)+0. Similarly, it turns out have

thatx,=x(t,W,), considered as a function of two variables,

t
It:J G’ (W) doWs
0

represents the solution of Ito equatiéh only if the usual (exp(yW,))=exp(Dty?), ©)
oxldW=g(x) and theunusual ox/dt="f(x)—Dg(x)g’(x) ,
condition is satisfied.The noise strengtB is normalized by (explyNy))=exg A\ t(—1+Ee?)], (4)

Eq. (3) or (5).] B .
There exists a Stratonovich definition of [812], which is Wh.erﬁtEa(_T_)h_f deW(ﬂz])a.(Z]?. Tea?”s layeragmg (c;ver trar:gom
free of this inconvenience, i.e., which is consistent with theV&19NiSZ. Thus, Torthe infinitesimal Incrementsue to the

ordinary ruled G(W,) =G’ (W) dW, (in our notation with- stationarity dW=Wg,, dN=Ng,, k=1.2,..., and
oute sign), (AWK = 8,,2Ddt+ o[ (dt)2], (5)
J=lim> H(Ws | sy [Wes  —Ws]. ((dN)*)=\dtEZ+ o[ (dt)?]. (6)

Note that(N;)=\tEz, so it is often convenient to subtract

This formal definition of SI corresponds to the choice of e geterministic compensator and consider the new process
values of the integrand from the middle of the successive,
+=N;—\tEz (of a zero mean

time intervals. Its practical importance lies in that the usual Consider the Stratonovich intearal
methods of computing the integrals and especially solving 9
the differential equations remain unchanged. For instance, t
the ordinary calculus applies also to the SDE written in Stra- f dG(Ng)=G(N;)—G(0)
tonovich interpretation. It means that Ito equati@hand the 0
Stratonovich equation .

and calculate its mean value. Because

dx=[f(x)—Dg(x)g’(x)]dt+g(x)dW, <dG(N)>=<G(N+dN)—G(N)>

have the same solutiong(t,W;) and in such sense both * 1 dG ((dN)¥)
forms are equivalent. The terihgg’ is called the “spurious E < >
k=1

rift.” The Stratonovich definition is more popular in a
physical literature because it may be easily extended for in- = G\ \dSEX
tegrals over some other “singular” processes. The advantage _ 2 <_E> AdsE
of the Ito approach is that it usually better includes certain k=1 \dN k!
general probabilistic properties required from the particular
stochastic descriptiofmodeling. The advantage of the Stra- =MsEG(N+2)—G(N)), (7

tonovich approach is that the well recognizéatdinary) thus

methods of transforming the variables and solving the differ-

ential equations can be used. The two approaches may be t

thus considered complementary. (G(NQ—G(O)}zJ dSANE{G(Ns+2)—G(Ng)). (8)
The paper is organized as follows. In Sec. Il the Ito-type 0

integrals over compound Poisson processes are defined, j : . . .

Sec. Il the relation transforming between Ito-type and@omputm_g Eq.(7) we have used stationarity and indepen-

Stratonovich-type of differential equations is obtained. Thedence of Increments dd, and I_Eq.(_6).

examples are presented. The last section is for remarks. According to the Stratonovich idea

dG(Ns):G,(Ns)st: 9
Il. STOCHASTIC INTEGRALS
OVER POISSON PROCESSES and consequently for the Ito interpretation
There are two fundamental stochastic processes, Wiener dG(Ng)=G'(Ng)deN+A\[EG(N,+2) — G(N,)]ds
procesd/, and Poisson proced§ . The first is Gaussian and S ¥ S S (10)

continuous, the second is a point process and its trajectories
are piecewise constant functions, having some steps in ram conclusion, we have following integration formulas:
dom pointst;, which are distributed on positive semiaxis

with average frequency t
| & madn—cmn-co), (1

Ne=2, zO(t—t). 2

for the Stratonovich-type integral and
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MARTINGALE INTEGRALS OVER POISSONIAN . . .
t
JOG’(Ns)d°Ns= G(Ny)—G(0)

—Aftds[EG(NS+Z)—G(Ns)]
0

(12
for Ito-type integral.
The limiting procedurg 10]
Ez=0, z—0, \N—w, \EZ=2D, (13

in which a compound Poisson process approaches the Wiener
process applied to Eq12) recovers the Ito rule of integra-

tion
t t
fOG’(Ws)d°Ws: G(W,)—G(0)—D JodsG”(Ws).

Also note the expression

Ng+z

H(Ng)dNg=H(Ng)doNg+ )\dsEf duH(u), (14)

Ns

which results from Eqs(9) and (10).

ExamplesLet us give few examples of the Ito-type inte-

grals over standard Poisson process wathl. Let G(u)
=u. Then, from Eq(12)

t
0
Similarly, for G(u)=u?
t t
szSdostNf—xf ds[(Ng+1)2—N2]
0 0
t
=N$—m—2>\fdst. (16)
0

Using (N?)=X\%t2+\t and (Ng)=\s we verify that the

mean value of Eq(16) indeed vanishes. Consider finally

G(u)=expyu). One obtains
t t
ferNsdosteyNt—l—)\(ey—l)f dses. (17
0 0

Using explicit expressions for averages, see &, we find
again that the mean value of the right-hand side of(E@). is
zero.

Ill. STOCHASTIC DIFFERENTIAL EQUATIONS

Consider aStratonovich-typgequation
dx.=f(x)dt+g(x)dN;, (18

where x;=x(t,N;) satisfying ox/dt=f(x(t,N)) and dx/JN
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equation, which will be satisfied by the same process
At the end we compute the difference betwegm)dN and
g(x)deN. Using Eq.(14) with H(u)=g(x(t,u)) and d/du
=g(x)dldx we get

N+z

ng—gdoN=)\thJ g(x(t,u))du

N

N+z Ju
z)\thfN g(x(t,u))gdx(t,u)

=NdtE[x(t,N+2z)—x(t,N)]

i 1
exp 2oy

z J
—)\thfodg“ex gg&

g. (19

The integrand of the last expression is a solution of a partial
differential equation

oV I19L=g(x)oW/ax,

with the initial conditionW ({=0)=g(x). Thus

J
exr{égg}gﬂlf(n(X)ﬂ), (20)

where

xd
7(x)= f g(—l’j) W ((x))=9(x). (21)

Concluding, we have found that Stratonovich equation
(18) is equivalent to the following Ito-type equation

dx;=[f(x)+A(x)]dt+g(x)d°N, (22

where

A(X)=\E fozdw<n<x>+g), 23

and where¥ and » areimplicitly given by Eqs(21). Simi-
larly, Ito equation

dx,=f(x)dt+g(x)deN, (24

corresponds to

dx.=[f(x)—A(x)]dt+g(x)dN; (25
in the Stratonovich interpretation. At the Wiener process
limit (13) A(X)—Dg(x)g’'(x), achieving the form of the
“spurious drift” term, well known from the ordinary Lange-
vin equation theory.

Exampleslin a number of special cases E@21) can be
solved andA(x), Eqg.(23), can beexplicitly computed. As an

=g(x(t,N)) is, by the definition, the stochastic solution example, let us find the lto-type equation satisfied by the
of Eq. (18). Our aim is to find a corresponding lto-type process,=(aN,/2)?. One has
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dx.= ax'ZdN,;. (26)

Thus 7(x) =2xY% a=2g(x)/a? and ¥ (7) = a?5/2. Equa-
tion (23) takes a form

z az
A(x)=)\EJ d§7[n(x)+§]=)\(axl’2Ez+ a’EZ14).
0
Therefore
dx.=Nax*PEz+ a?EZ/4)dt+ ax?doN,. (27

Calculating directly the averagesd(x,)=(a/2)2d(N?)
=(al2)’ [NEZ2+2(NE2)%t]dt=(A(x,))dt and taking into

PHYSICAL REVIEW E68, 046117 (2003

tions. Moreover, thenternal degrees of freedom of a com-
pound Poisson process, related to the possible choice of
differentr(z), give probably the ability for a better fitting of
the real data than a single parameter, volatiityof a Gauss-

ian market model.

IV. FINAL REMARKS

We have shown that the Ito-type formalism can also be
constructed for the Langevin equation
dx /dt=f(x)+g(x)é& (32

with multiplicative white shot nois€é WSN), &=dN,/dt,

account the nonanticipating property, we verify that Ito equawhereN, is a compound Poisson process. The multiplicative

tion (27) is correct.

noise is usually considered as the external one, introduced by

In the second example we find the Ito-form correspondinghe fluctuation of parameters. The definite sign of parameter

to the important equation

dx,=yxdN,. (28

Here, n(x)=y linx, ¥(7)=ye’” and A(x)=\x(Ee’?
—1). We obtain

dx,=A\X(E€"*=1)dt+yxdN;. (29

Using theexplicit solution x,=x,e’™t and Eq.(4) one has
d{x.)=N(x)(E€’*—1)dt in agreement with E¢(29).
A following equation

dS=rSdt+ cStN,=[r—\(Ee”*—1)]Sdt+ ¢SdN
(30)

may be thus proposed as an extension of Bachelier-Black=
Scholes equation for “Poissonian markets.” The stochastic

solution

Si=Spexp[r—A(Ee”*—1)]t}exploN;) (31

is frequently required from its physical meaning or from glo-
bal stability conditiong8]. In such case the use of the GWN
to describe the fluctuation is not possible. Moreover the
WSN appears as a well-defin@ghcorrelated, and leading to
the Markovian descriptionlimit of the Campbell process.
The last one is usually considered as a good description of
the real physical fluctuatiofiL1]. At the general level of the
stochastic processes theory the Ito and Stratonovich ap-
proaches are equivalent in a sense that the difference may be
counted by the appropriate modification of the drift term in
Eqg. (32). Nevertheless the specific general properties of the
Ito formalism appear more useful if kinetic equati(8®) is
not a priori known, but has to be proposed in accordance
with certain assumptions. For example, the linear relaxation
is not affected if the multiplicative noise coupling is treated
according to the Ito interpretation. Similarly, the martingale
property, which is essential for the games theory, is con-
served if the Ito integrals are usgd].

The most important results of the paper are EiR)
specifying the(lto-type) rule of martingale integration with

immediately follows from the Stratonovich equation andrespect to compound Poisson process and &8.and(21)
then can be directly applied in a financial analysis, e.g., foproviding the “spurious drift” term, transforming between
option pricing. Such modeling of prices seems attractive, rethe Ito equation and the Stratonovich equation with multipli-
flecting a discrete and random time of successive transacative white shot noise.
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